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Abstract. This study presents a comprehensive ice cloud for-cloud formation processes (e.g., Lin et al., 2002; Baker and
mation parameterization that computes the ice crystal numPeter, 2008), and the difficulties associated with the remote
ber, size distribution, and maximum supersaturation fromsensing of ice clouds (Waliser et al., 2009). Anthropogenic
precursor aerosol and ice nuclei. The parameterization proactivities can potentially influence ice cloud formation and
vides an analytical solution of the cloud parcel model equa-evolution by altering the concentration and composition of
tions and accounts for the competition effects between homoprecursor aerosols (Seinfeld, 1998; Penner et al., 1999; Min-
geneous and heterogeneous freezing, and, between heteroges, 2004; Karcher et al., 2007), which may result in a poten-
neous freezing in different modes. The diversity of hetero-tially important indirect effect (e.g., &cher and Lohmann,
geneous nuclei is described through a nucleation spectrur@003), the sign and magnitude of which however is highly
function which is allowed to follow any form (i.e., derived uncertain.

from classical nucleation theory or from observations). The ) o
parameterization reproduces the predictions of a detailed nu- €€ clouds form by homogeneous freezing of liquid

merical parcel model over a wide range of conditions, anddroPlets or heterogeneous freezing upon ice nuclei, (IN)
several expressions for the nucleation spectrum. The averad&-9- Pruppacher and Klett, 1997). Observational data show

error in ice crystal number concentration wag.0+8.5% hat the two freezing mechanisms are likely to interact dur-
for conditions of pure heterogeneous freezing, and-21 g cloud formation (DeMott et al., 2003a, b; Haag et al.,

when both homogeneous and heterogeneous freezing werP03b; Prenni et al., 2007); their relative contribution is how-
active. The formulation presented is fast and free from re-€ver a strong function of IN, aerosol concentration, and cloud
quirements of numerical integration. formation conditions (Gierens, 2003;akcher et al., 2006;

Barahona and Nenes, 2009). IN tend to freeze early during
cloud formation, depleting water vapor supersaturation and
hindering the freezing of IN with high freezing thresholds
1 Introduction and the homogeneous freezing of liquid droplets (e.g., De-
Mott et al., 1997; Koop et al., 2000). Although numerous
Ice clouds play a key role in rain production (e.g., Lau andaerosol species have been identified as active IN, dust, soot,
Wu, 2003), heterogeneous chemistry (Peter, 1997), stratoand organic particles are thought to be the most relevant for
spheric water vapor circulation (Hartmann et al., 2001), andthe atmosphere (DeMott et al., 2003a; Sassen et al., 2003;
the radiative balance of the Earth (Liou, 1986). RepresentaArchuleta et al., 2005; Khler et al., 2005; Field et al., 2006;
tion of ice clouds in climate and weather prediction modelsKaniji et al., 2008; Phillips et al., 2008). Assessment of the
remains a challenge due to the limited understanding of icéndirect effect resulting from perturbations in the background
concentrations of IN requires a proper characterization of the
spatial distribution of potential IN species and their freez-

Correspondence toA. Nenes ing efficiencies (i.e., the aerosol freezing fraction). The large
BY (athanasios.nenes@gatech.edu) uncertainty in ice cloud indirect forcing is associated with
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incomplete understanding of these factors which is eviden009) that combine homogeneous and heterogeneous mech-
by the large predictive uncertainty of aerosol-cloud parame-anisms of ice formation, and explicitly resolves the depen-
terizations (Phillips et al., 2008; Eidhammer et al., 2009).  dency ofN. on conditions of cloud formation (i.€T,, p, V),
Several approaches have been proposed to parameteriaerosol number and size, and the freezing characteristics of
ice cloud formation in atmospheric models. Empirical cor- the IN.
relations derived from field campaigns are most often em-
ployed to express IN concentrations (e.g., Meyers et al.,
1992; DeMott et al., 1998) as a function of temperature,2 Description of the ice nucleation spectrum
T, and supersaturation over icg, These expressions are
simple but only provide the availability of IN over a limited Modeling of ice cloud formation requires a function de-
spatial region. A more comprehensive expression was describing the number concentration of crystals frozen from an
veloped by Phillips et al. (2008), who combined data from aerosol population (i.e., the aerosol freezing fraction) at some
several field campaigns to estimate the contribution of indi-temperatureT’, and supersaturatios, The function, known
vidual aerosol species to the total IN concentration. as the “nucleation spectrum”, is closely related to the nu-
Empirical parameterizations are incomplete, as they pro<leation rate coefficient/, and the freezing probability? ;.
vide only IN concentrations. Calculation of ice crystal num- Theoretical studies (e.g., Lin et al., 2002; Khvorostyanov and
ber concentration),, requires the knowledge of cloud su- Curry, 2009) and laboratory experiments (e.g., Tabazadeh et
persaturation and therefore the usage of a dynamical frameal., 1997a; Koop et al., 2000; Hung et al., 2002; Haag et al.,
work. Liu and Penner (2005) considered this, and used nu2003a, b) suggest thdtbecomes substantially large around
merical solutions from a cloud parcel model to correlste ~ some threshold™ ands; (Pruppacher and Klett, 1997). De-
to cloud formation conditions (i.eT, p, V) and the num-  creasingl’ (or increasing;) beyond this level exponentially
ber concentration of individual aerosol species (dust, sootincreases so that (unless is depleted by water vapor depo-
and sulfate). Although a computationally efficient approach,sition onto growing ice crystals) the probability of freezing,
these correlations are restricted to (largely unconstrained) asPy eventually becomes unity (Pruppacher and Klett, 1997;
sumptions regarding the nature of freezing (i.e., the estimakin et al., 2002; Khvorostyanov and Curry, 2004; Monier
tion of freezing efficiencies), the size distributions of dust, et al., 2006; Barahona and Nenes, 2008). Observations
soot, and sulfate, the mass transfer (i.e., deposition) coeffihave confirmed this for homogeneous freezing of aqueous
cient of water vapor onto crystals, and, the active freezingdroplets, where the threshold and 7' is confined within a
mechanisms. Krcher et al. (2006) proposed a physically very narrow range of values (Heymsfield and Sabin, 1989;
based approach to parameterize cirrus cloud formation combeMott et al., 1994; Pruppacher and Klett, 1997; Tabazadeh
bining solutions for the pure homogeneous freezingr(her et al., 1997b; Chen et al., 2000; Cziczo and Abbatt, 2001,
and Lohmann, 2002b), and heterogeneous freezidgofker ~ Khvorostyanov and Curry, 2004) and depends primarily on
and Lohmann, 2003) into a numerical scheme. Although thisthe water activity within the liquid phase (Koop et al., 2000).
approach includes all known relevant factors that determine Heterogeneous freezing is different from homogeneous
N., it may be computationally intensive; thus, its applica- freezing in that it exhibits a broad range of freezing thresh-
tion is limited to cases where IN can be characterized by aolds, even for aerosol of the same type (e.g., Pruppacher and
few, well defined, freezing thresholds. Even if many casesKlett, 1997; Zuberi et al., 2002; Archuleta et al., 2005; Ab-
of atmospheric aerosol can be described this way, it may nobatt et al., 2006; Field et al., 2006; dtiler et al., 2006;
be adequate, as even single class aerosol populations usualarcolli et al., 2007; Eastwood et al., 2008; Kaniji et al.,
exhibit a distribution of freezing thresholds (e.g., Meyers et2008; Khvorostyanov and Curry, 2009). Field campaign data
al., 1992; Mohler et al., 2006; Marcolli et al., 2007; Kanji (Meyers et al., 1992; DeMott et al., 1998) and laboratory
et al., 2008; Phillips et al., 2008; Vali, 2008; Welti et al., studies (Field et al., 2006; &hler et al., 2006; Zobrist et
2009). Barahona and Nenes (2009) developed an analyticall., 2008; Welti et al., 2009) show that fer values larger
parameterization that combines homogeneous and heterogthan the thresholg};, the aerosol freezing fraction (i.ePy)
neous freezing within a single expression. Although veryis below unity, increasing witl; much more slowly than
fast and with low error (33%), this approach is limited suggested by theory (e.g., Khvorostyanov and Curry, 2005;
to cases where the IN population can be characterized by &hillips et al., 2008; Eidhammer et al., 2009). This dis-
single freezing threshold. crepancy can be reconciled by assuming that the heteroge-
This work presents a new physically-based, analyticalneous nucleation rate depends on the local conditions adja-
and computationally efficient framework to parameterize icecent to individual nucleation sites, rather than on the aver-
cloud formation. The new scheme allows the usage ofage characteristics of the aerosol population (i.e., the “singu-
both empirical and theoretical IN data in a simple dynam-lar hypothesis” (e.g., Fletcher, 1969; Vali, 1994)). Freez-
ical framework, and can consider the spectral variabilitying occurs instantaneously when a threshgland 7' as-
in aerosol and IN composition. The new parameterizationsociated with a nucleation site are reached; thus a distribu-
builds upon the frameworks of Barahona and Nenes (2008tion of active nucleation sites on the aerosol particles would
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Table 1. Cumulative freezing spectra considered in this study. The funchifgs(s;, T) and Hyys((s;, T) for PDAO8 are defined in Phillips
et al. (2008).

Spectrum Nhet(si) (m~3)

Meyers et al. (1992), MY92 fo~—0639+1296s
60e—0-639+12965 2437 268
103, —0-388+3.88 1907 <243
M
Ndust [1_ exp (_ % Hyusd(si- T) 7.rgg<lal%?‘7)]

N
+sooi[ 1 exp( -3 Hsoots 1) T E7E) |
0.0S[min (%Nduste—ovoonkhom(o.z—s,»)’ News)) +

min <% Nsoote ~2-03%hom(0.3=5i) Nsoot)

Phillips et al. (2007), PDGO7

Phillips et al. (2008), PDA08

Classical Nucleation Theory (Sect. 2.2), CNT

result in a distribution of freezing thresholds (Marcolli et al., empirically from field campaign data (Meyers et al., 1992;
2007; Zobrist et al., 2007; Vali, 2008; Eidhammer et al., Phillips et al., 2008), laboratory experiments (e.goHer
2009; Khvorostyanov and Curry, 2009). The aerosol freez-et al., 2006; Welti et al., 2009) or from nucleation theory
ing fraction is then related to the density of active nucleation(Sect. 2.2). The simplest form fay (s;) arises by assuming
sites (which generally depends on particle history and chemthat IN concentrations depend solely sncharacteristic ex-
ical composition (Pruppacher and Klett, 1997; Abbatt et al.,amples are the formulations of Meyers et al. (1992, MY92,
2006)) and to the surface area and number concentration dfable 1) and the background spectrum of Phillips et al. (2007,
the aerosol population. Vali (1994, 2008) have argued thaPDGO07, Table 1). MY92 is derived from in-situ measure-
Py <1 for each active nucleation site, which may arise if the ments of IN concentrations fdr between 250 and 266 K
active sites exhibit transient activity; this implies a tempo- ands; between 2 and 25%. PDGO7 is derived from MY92
ral dependency of; which is however second order on the (after applying a scaling factor to account for the height de-
freezing threshold distribution (Vali, 2008; Khvorostyanov pendency of IN concentration) and the data of DeMott et
and Curry, 2009). al. (2003a). A more comprehensive formulation, consider-
Experimental studies and field campaign data (e.g.ing (in addition tos; and T') the surface area contribution
Maohler et al., 2006; Phillips et al., 2008) show that at con-from different aerosol types (i.e., dust, organic carbon, and
stantT, the aerosol freezing fraction is well represented by asoot) and freezing modes (i.e., deposition and immersion),
continuous function of;, which results from the diversity of was presented by Phillips et al. (2008, PDA08). PDAOS8 is
active nucleation sites that may be available in the insolubledeveloped using IN and aerosol concentration measurements
aerosol population (Pruppacher and Klett, 1997). If sufficientfrom several field campaigns.
time is allowed so that transient effects vanish (iR is at
its maximum), then the “nucleation spectrum” can be defined2.2 IN spectra from classical nucleation theory
as,
O Nnet(si, Ts p. ..) Theoretical arguments can also be used to obtain an approx-
ng(s;, T, p,...) = (2) imate form for the nucleation spectrum. Classical nucle-
0si T.p.... ation theory (CNT) suggests that the nucleation rate at two
where Nhet(si, T, p, ...) is the crystal number concentration s; thresholds can be related as (Pruppacher and Klett, 1997;
produced by heterogeneous freezing. The subscripts on thihvorostyanov and Curry, 2004)
right hand side of Eqg. (1) indicate that all other state variables
(T, p, aerosol concentrations) remain constant when the/ (si,1) = J (s;.2) €xp[—k(T)(si2 — si.1)] 2
nucleation spectrum is measured or computed with theory. ) o
Therefore, for the remainder of this studyhet(s:, 7, p, ...) whereJ (s; 1) andJ(si,z_) are the n.ucleatlon ra_te co_efhments
is represented aShe((si) (n,(s;) in its differential form), as- @t si1 ands; 2, respectivelyk(T) is a proportionality con-
suming an implicit dependency on other state variables. ~ Stant depending off’.  Using this, Barahona and Nenes
(2008) showed that for pure homogeneous freezing the nu-

2.1 Empirical IN spectra cleation spectrum¥hom(s;), can be approximated as,
. . . . . . Jh (Sh m)‘l_} 1
Developing an ice format|on_ parametenzqﬂo_n requires .theNhom(s,-)% ,, Zhom{shom) Vo expl—knom(shom—si)]
knowledge of the IN nucleation spectrum in its differential oV khom  (Shom+1)
ns(s;), or cumulative form,Nnet(s;); these can be obtained (©)
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where Jhom(shom) iS the homogenous nucleation rate co- 3 Formulation of the parameterization
efficient at the homogeneous freezing threshatdgm;
N, and v, are the number concentration and meanThe parameterization is based on the framework of an as-

volume of the droplet population, respectively, and cending Lagrangian parcel. Atany height during the parcel
khom=(shom—>s:)~11n JI}OL%T) Equation (3) can be ex- ascent, supersaturation with respect to igedevelops and
S

tended to describe heterogeneous nucleation by replacinijle ice crystal size distribution is determined by heteroge-

knom With a heterogeneous nucleation analégl’) (e.g., neous freezing of IN, homogeneous freezing of droplets, and
Pruppacher and Klett, 1997; Khvorostyanov and Curry,growth of existing ice crystals. The solution when homoge-
2004, 2009), neous freezing is the only mechanism active is presented in
Barahona and Nenes (2008). The general solution for pure
k(T) = knomfn (4)  heterogeneous, and, combined homogeneous-heterogeneous

) freezing is presented in the following sections.
where f,~% (m3—3m+2), m= cog6) andd is the IN-water
contact angle (Fletcher, 1959). Replacibgm in Eq. (3) 3.1 The ice parcel equations

with k(T) from Eg. (4),shomWith the heterogeneous freezing

threshold,s;, ;, and, generalizing to an external mixture of In the initial stages of cloud formation increases mono-

nspIN populations, we obtain tonically due to cooling from expansion; growth of crystals,
frozen either homogeneously or heterogeneously, increas-
Nhet(si)~ Z min {ey,; Na, j €Xp[—knom/n,j(sn.j—51)] »  ingly depletes water vapor, up to some level whemeaches
j=Lnsp a maximum smax (because depletion balances thencrease
efjNaj} (5) from cooling). At any given time, the state of the cloud is de-

termined by the coupled system of equations (Barahona and
wheresy, ; is the freezing threshold of thgth IN popula-  Nenes, 2009)

tion, and,N,, ; is the corresponding aerosol number concen-

tration; s, ; is associated with the onset of large nucleation . ;) — prl (6)
rates at which the aerosol freezing fraction reaches a maxi- Pa 6
N Jn,j (s, S . . .
mum.ey, j~ [C%@ l+1>] is the freezing efficiency / Df’nc(Dc, DN, m1,.. x, )dDedDindmy..
X

of the j-th population, Wherdh,, (sn, ;) is the heterogeneous

nucleation rate coefficient & ;, andC depends onthe mean ds; dw;
J e — =aV(d+s)—B— (7
surface area of thg-th aerosol populatiors? ;. dr ! dt
Nucleation spectra based on CNT (and therefore on the
stochastic hypothesis (Pruppacher and Klett, 1997)) depengw oi
J(Sh JGsnj) — =" [ .. 8)
on ¢, which is evident in Eq. (5) a8y, jx . To be dr  pg 2

should vanish, which implies thaf, ;# f (). Assuming that
enough time is allowed for heterogeneous freezing during

—~ne(D¢, DN, m1

qr e PN,

consistent with Eq. (1), the temporal dependency in Eq. (5) dD,
/ D2 nx»t)chleNdml,...,nx
X

IN measurements (used to constrain the parameters of CNT)y p_ si

the stochastic component of CNT is small, and the resulting™;~ = T1D, + Ty )
nucleation spectra would practically be time-independent,

hence consistent with Eq. (1). where dt' is the rate of water vapor deposition on the

The exponential form of Eq. (5) is in agreement with ex- ice crystals andV is the updraft velocity. D, and Dy
perimental studies (e.g., dhler et al., 2006). Equation (5) are the volume-equivalent diameter of the ice crystals and
however requires the knowledge @f ; which in this study  IN, respectively (for homogeneous nucleatiab,y is re-
is treated as an empirical parameter and used to constrain th@aced by the size of cloud dropletsjz1 .. collec-
maximum freezing fraction of the aerosol population (in re- tively represents the mass fractions of thg chemical
ality, ey, ; is a function ofT, aerosol composition and size, species present in the aerosol population (all other sym-
and is analyzed in a companion study). Valuesefpy, s ;, bols are defined in Appendix Ch. (DC, DN, m1,. nx, t)
andd; used in this study (Sect. 4.1, Table 1) are selecteds the number distribution of the ice crystals; therefore
from the literature. Complete characterization of the nucle-n.(D., DiN, m1..._nx, t)dD.dDindm1,_nx tepresents the
ation spectra using nucleation theory requires the usage afiumber concentration of ice crystals with sizes in the range
probability distributions fop; ands;_; (e.g., Marcollietal.,  (D., D.+dD.), made from an aerosol particle in the size
2007; Khvorostyanov and Curry, 2009). Although this can in range(Dyn, Din+d Din), and with composition defined by
principle be included in Eq. (5), little is known on the formu- the interval(m1, . nx, m1,.. nx+dma1... ). X in EQs. (6) and
lation of such probability distributions and is not considered (8) is the domain of integration and spans over all the values
here. of D., DN, andmyi, .,y for whichn.(D., DN, m1, _nx, t)

.....
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is defined. The calculation aob;(z) and % requires the  D.>20um, are much larger than the typic@hy~1um
ax» 1), therefore an equation found in the upper troposphere (e.g., Heymsfield and Platt,
,,,,, 2x, 1) should 1984; Gayet et al., 2004). Equation (10) is further simplified
be added to Egs. (7) to (9). The coupling betwagnD,, by considering that the thermodynamic driving force for
ands; in Eqgs. (7) to (9) precludes a closed analytical solutionice crystal growth (i.e., the difference betwegnand the
and are numerically integrated (e.g., Lin et al., 2002, and ref-equilibrium supersaturation) is usually large.4x generally
erences therein; Monier et al., 2006; Barahona and Nenegbove 20% (e.g., Lin et al., 2002; Haag et al., 2003b)). This
2008). suggests that crystal growth rates would be limited by water
The main parameter of interest resulting from the solu-vapor mass transfer rather than fy(confirmed by parcel
tion of Egs. (7) to (9) is the ice crystal number concentra-model simulations) D, is therefore a strong function of the
tion, N.=Nnom+ Nhet, WhereNpom and Npetare the ice crys-  crystal residence time in the parcel and weakly dependent
tal number concentrations from homogeneous and heterogesn s;. The limits of the integral in Eqg. (10) imply that the
neous freezing, respectivelyhom can be treated using the crystal residence time is mainly a function of the difference
analytical approach of Barahona and Nenes (2008), whiles; —s/; Eq. (10) therefore can be rewritten as
Nhetis equal to the IN that freeze, i.&Vpet at smax. There-

.....

. I~ PR 4
fore, determiningV, requires the computation &fax. De(t, 5i) % Delsi = so) (11)
whereD,(s; —s,) signifies thatD,. is a function ofs; —s,,.
3.2 Determiningsmax and Nnet Equations (1) and (11) suggest that Eq. (6) can be written

) ) in terms ofs; ands,,
smax and Npet are determined by solving for the supersatu-

Si

ration that is a root of Eq. (7). This is turn is accomplished T pi 3 ) L

by manipulating Eq. (7) so that the contribution of nucleation Wi (si) = ® o [ Di(si = s5) ns(s,) ds,

and growth to the evolution of the ice crystal population is de- ‘0

coupled. The root is then analytically determined for freez- TP [43

_ _ _ _ =22 P2 @n] () (12)
ing of a monodisperse, chemically homogenous, ice crystal 6 o4

population based on the approach of Barahona and Nenggnere ® represents the half-convolution product (Ap-

(2009). The monodisperse solution is then generalized folengix A). Taking the derivative of Eq. (12) and substitution
a polydisperse, heterogeneous IN population by introducingyq Eq. (7) gives,

the characteristic freezing threshold and size of the ice crys-
tal population Si pi 7w [ 2dDe
‘ — =aV(@d+s) - B—— | D; ®ng | (si) (13)
The size of ice crystals at any time after freezing and 4! Pa 2 dt
growth is given by integration of Eq. (9), assuming negli- Equation (13) is a simplified supersaturation balance equa-
gible non-continuum effects on mass transfer; if@;>T>  tion used in place of Eq. (7), the root of which (i.&% =0)

. o d'l
(Appendix B), and,dﬁf R rfbc (Barahona and Nenes, 2008), givessmax, '

1/2 | T dD,
L ! aV<1+smax>=ﬁZ—’5[D§ — ®ns} Gma0  (14)
D.(t,s;) = D|2N+F—/d dtds (10) . . _“ o
1y s/ D242, defined in Eq. (9), can be simplified us-

ing the approximation developed in Appendix B, i.e.,
whereDyy is the initial size of the ice crystals at the moment _DZsmax . smax 1y ,~72ax . Introducing Eq. (B6) into Eq. (14
of freezing, and,s, is their freezing threshold (Barahona Ji0¢i12 (L. c€ T 9 Ea. (86) a- (14)
X Ay , ging gives,
and Nenes, 2008), which depends on composition and size

(Sect. 2). A chemically-heterogeneous, polydisperse IN pop-o‘vFl 1+ smax Smax , rte — [De ® ng] (Smax) (15)

ulation can thus be treated as the superposition of monodisﬂ%% Smax

perse, ghemically—homogeneous IN c!asses, each with theiﬁquation (15) holds regardless of the formgfs;), and can
respective;,; Eq. (10) can then be applied seperately to eaChbe applied to a monodisperse, chemically-homogeneous IN

“IN class” of size and composition. i , o population, for which all ice crystals freeze at a characteristic
ESiquatlon (10) can be simplified assuming that i oshold sehar 75(s;) is thus a delta function abowgnas
Filfﬁds>>D|2N’ which means that the growth ex- & (s—schan. Substitution into Eq. (15) gives
X/

o . _ aVIy 1+ smax 2
perienced by crystals beyond the point of freezing is muchW p ermax =
) max

larger than their initial size (e.g., &cher and Lohmann, Pa 2
2002b; Nenes and Seinfeld, 2003; Khvorostyanov and Smax
Curry, 2005; Monier et al., 2006; Barahona and Nenes,  Nnet(Smax) / D (smax — $)8(s — schapds (16)

2009), and is justified given that typical crystal sizes,

Schar
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Integration of Eq. (16) gives If smax IS large enough, all IN are frozen ang(smax) — 0;
VD1 14 Smax 2 this can lead to numerical instabil_ity a_ﬁvchar becomes_ very
————e’max = Npet(Smax) Dc (Aschar) a7 large. However, a larg&schar also implies that a significant
fraction of crystals freeze during the early stages of the parcel
where Ascha=smax—Schar Comparing Egs. (15) and (17) ascent so thakchar—0; hence Aschar— smax @ndsmax is the

ﬂ&l s
Pa 2 max

gives, upper limit for Aschar With this, Eq. (23) becomes,
[D: ® 1] (Smax) = Nhet(Smax) De (Ascharn (18) Aschar = Min (Tlhe(tismax;(), max) (24)
s\Oma

Equation (18) shows that the terms describing nucleation and

growth during the evolution of an ice crystal population can p_.(Ascha) is calculated considering the growth of a
be separated, or, the nucleation spectrum can be determingflonodisperse population with freezing threshelg, (Bara-
independently of the dynamics of the parcel ascent. Thehona and Nenes, 2009),

same conclusion can be obtained by applying Eq. (A5) to

Eq. (14), e.g., 2As’

De(Aschay) = | ——ohar 25
S (Aschar) aVly ( )
ZdDC
/ |:DC ®ns:| (s)ds =
0 dt . « ASchaxr[%Aé‘(zhar“z(smax—Aé‘char)}
Smax Smax with AsCharz (I+smax—Aschan
= {/ ns(s)ds:| {/ Df,dff ds:| Final form for pure heterogeneous freezing
1
° Smax ° Nhet(smax) is calculated from combination of Egs. (17) and
dD. 25),
= Nhet(Smax) |:/ D? 7 ds:| (29) (25)
0 Nhet(Smax) 1 (1+ smax) 2
» = = e *smax (26)
which shows that nucleation and growth can be decoupled N VASchar  Smax
independently of the form ap?<Pe.

Equation (18) is a version of the mean value theorem, andvith N*=+/2 (aV T'1)*/2 (,3%%) ; Equation (26) is the
physically means that the rate of change of surface area ofolution of thes; balance (Eq. 14) for pure heterogeneous
a polydisperse ice crystal population can be described usfreezing and shows tha¥het(smax) depends only oBmax
ing the monodisperse approximation, provided that a suitablev*, x, andAschar N* has dimensions of number concentra-
schar IS defined. Equation (18) is a Volterra equation of the tion and represents the ratio of the rate of increase from
first kind and can be solved analytically or numerically (e.g., expansion cooling to the rate of increase in the surface area
Linz, 1985). For this, the functional form of,(s;) needs  of the crystal population Asche is related to the steepness
to be known in advance. To keep the parameterization agf n,(s;) aboutsmay; a value ofAschar—0 implies that most
general as possible, an approximate solution is used insteadf the crystals freeze af close tosmax. A accounts for non-
D.(Aschap is expected to be of the order of the largest ice continuum effects; if the crystal concentration is lowlgss
crystals in the population (since they dominate the ice crystathan 0.01 cr®) and A schar—> smax, Size effects 0Vhet(smax)
population surface area). As these crystals grow slowly, theican usually be neglected. Equation (26) is solved along with
size is to first order a linear function &s=smax—s; (Bara-  an expression foNnet(smax t0 find smax (Sect. 3.4, Fig. 2).
hona and Nenes, 2009). Therefof®,(As) and D.(Aschar)
are related by 3.3 Competition between homogeneous and heteroge-

neous freezing

D (As) ~ D¢(Aschar) (20) . . .
Schar At T below 235K, ice clouds form primarily from homoge-
Substituting Eq. (20) into Eg. (18), we obtain, neous freezing (e.g., Heymsfield and Sabin, 1989; DeMott
et al.,, 2003a; Barahona and Nenes, 2009). If a significant
[ns ® As] (smax) = Nhet(Smax) Aschar (21) ) ¢

concentration of IN is present, freezing of IN prior to the on-
which after taking the derivative with respectsax gives  set of homogeneous nucleation may inhibit droplet freezing

(i.e., EqQ. A6), (Gierens, 2003; Barahona and Nenes, 2009). Equations (7)
Smax to (9) can be readily extended to account for this, for which
fo ns(s)ds = ns(smax) Aschar (22)  a generalized nucleation spectrum is defined that includes

o _ ) contribution from homogeneous freezing of droplets. This is
Application of Eq. (1) to Eq. (22), and rearranging, gives,  simplified if taken into account that homogeneous nucleation
Nhet(Smax) rates are very high, and, the nucleation spectrum is close to

Aschar= ———— 23 i i i
char = max) (23) being a delta function abosit=snom. Furthermore, since the
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number concentration of supercooled liquid droplets avail- f.<0. Thus, combination of Egs. (26) and (27) provides
able for freezing is much greater than the concentration ofthe total crystal concentratior,., from the combined effects

IN (i.e., N,>>Nhet), smax iS reached soon after homogeneous of homogeneous and heterogeneous freezing (Barahona and
freezing is triggeredstmax~snom) (Karcher and Lohmann, Nenes, 2009),

2002a; Barahona and Nenes, 2008). IN freezing thresholds

are generally lower thasthom; homogeneous freezing can al- Nye~e(1— e 1) + Npet(shom)

ways be considered the last freezing step during ice cloud f.>0andT < 235K

formation. N, = (30)
As the growth of previously frozen crystals reduces the Nhet(Smax)

ds; fe<0or T > 235K

Ve
- Shom .

to reduce the probability of homogeneous freezing and the-qation (30) accounts for the fact that homogeneous freez-

ice crystal concentration (compared to a pure homogeneoumg is not probable fof > 235K (e.g., Pruppacher and Klett,

freezing event). The droplet freezing fractigfy, in the pres- 1997) and is applicable only for cases which the cloud re-

ence of IN is proportional to the decrease%i;' (Bara-  mains subsaturated with respect to liquid water (i.e., ice

Shom

rate of increase of;, (i.e. ), the presence of IN tends

hona and Nenes, 2009) from the presence of IN, i.e., cloud regime).
% 32 3.4 Implementation of the parameterization
Jfe= fc,hom V—Shoml (27)
aV(shom+ 1) The generalized parameterization presented in this study is

fairly simple to apply and outlined in Fig. 1. Inputs to the pa-
rameterization are cloud formation conditions (ijg.7, V),

, Shom liquid droplet and IN aerosol number concentration (i.e.,
IN are not present, andf hom is the drgplet frgezmg frac- No. Naust Nsood. Additional inputs (i.e.,s;. ;. ;) may be
tion under pure homogeneous conditions, given by Barayeqyired depending on the expression used for the nucleation
hona and Nenes (2008). Although Eg. (27) is derived forspectrum,Nhet(s,-). If T<235K, the procedure is to cal-
a monodisperse IN population, Eq. (21) suggests that the efz |ate Nhet(shom), Nim (EQ. 29) and thenf. (Egs. 27 and
fect of the polydisperse IN population can be expressed a§8)_ If £.>0, thenN, is given by the application of Eq. (30)
a monodisperse population, provided that a suitable charaggi, . hom from Barahona and Nenes (2008). <0 or

teristic freezing thresholdscnay, is defined. Extending the 1 535k heterogeneous freezing is the only mechanism ac-
monodisperse IN population solution (Barahona and Ne”estive, and N.=Nnet(smax), obtained by numerically solving

where aV (shom+1) is an approximation to%: when

2009) to a polydisperse aerosol gives, Eq. (26). Alternatively, precalculated lookup tables or ap-
ds; proximate explicit solutions to Eq. (26) can be used to avoid
g om 1 <Nhet (Shon0)3/ 2 28) iterative solutions.

aV(shom=+ 1) Niim

whereNnpet(shom) iS calculated from the nucleation spectrum

function (Sect. 2), andViim is the limiting IN concentra- 4 Evaluation and discussion

tion that completely inhibits homogeneous freezing (Bara-

hona and Nenes, 2009). The parameterization is tested for all the nucleation spectra
If Nhet(shom) IS such thamax=shom, then all IN concen- presented in Table 1. Only dust and black carbon aerosol

trations greater thatVhei(shom) would result insmax<shom is considered, as the contribution of organic carbon to the IN

and prevent homogeneous freezing (i.e., heterogeneousopulation is sixfold lower than that of black carbon (Phillips

freezing would be the only mechanism forming crystals). et al., 2008). The total surface area of each aerosol pop-

Conversely, if the IN concentration is lower thafei(shom) ulation is scaled to the base size distributions of Phillips

andsmax>shom, homogeneous freezing is active. Thi¥gy, et al. (2008). For the CNT spectrum a simple linear re-

must be equal t&/het(shom) atsmax=shom, and is obtained by lation is employed to diagnosey,;, being about 0.05 for

substitutingsmax=shom into Eq. (26), i.e., dust and soot aerosol particles sat=s, (Pruppacher and
Klett, 1997) and decreasing linearly fer<s;, (Table 1).

Nim = 1 (1+sh°m)eﬁ (29) Freezing thresholds were set {9 quse=0.2 (Kanji et al.,

N* As;‘har|smm Shom 2008) andsj s00=0.3 (Mdhler et al., 2005)¢ qust Was set to

16° (mqus=0.96) anMsgoi to 40° (mspo=0.76) (Chen et al.,
For very low Nnet, EQ. (27) approaches the pure homoge- 2008). knhom is calculated based on Koop et al. (2000) using
neous freezing limit as the effect of IN is negligible; ho- the fitting of Barahona and Nenes (2008, 2008 is ob-
mogeneous freezing is prevented fet(shom)>Nim and tained from the analytical fit of Ren and Mackenzie (2005).
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Input: p, T, V, deposition coefficient, aerosol and IN characteristics (size, composition)

Pure homogeneous I S 312
freezing o= p, [K(D] [ZQV(_ tom 1) No Calculate | N°
fraction: S p, BN, L T S0 Niim
(Barahona and Nenes, 2008)
1 Yes Yes

Output: N,, (s

o 312 ) 1 145, 2
Cf?rrethfC’ hom fo_r competition o - N, (5, 32 Pure heterogeneous N*max _ : ( ) eXp[x j
effects from IN: N freezing: \/As Sinax S max

(Barahona and Nenes, 2009) Jebom lim

|

Output:
Ice crystal number concentration from combined N =N e/ (1-e)+N,,(s,,,) > End
heterogeneous and homogeneous freezing :

char

Fig. 1. Parameterization algorithm.

-
o
|

Table 2. Cloud formation conditions and aerosol characteristic used
in the parameterization evaluation.

0.8
S E Property Values
S el T, (K) 205-250
g E vV (ms1 0.04-2
£ ] @y 0.1,1.0
£ 044 Tg.dry 23
N N, (cm™3) 200
3 Dg dry (nm) 40
0.2 Nust(cm™3)  0.05-5
E Nsoot(cm™3)  0.05-5
] Odust 16
OO_I TTTTTTTTT I TTTTTTTTT I TTTTTTTTT I TTTTTTTTT I TTTTTTTTT I esoot 400
0.0 0.2 0.4 0.6 0.8 1.0 Sh_dust 0.2
Smax Parcel Model Sh.soot 0.3

Fig. 2. Comparison betweersmax predicted by parameterization
and parcel model for conditions of pure heterogeneous freezing.

Dashed lines represe#t5% difference. N ]
ers the expected range of conditions encountered in a GCM

simulation.
4.1 Comparison against parcel model results Figure 2 showsmax (calculated solving Eq. 26) vs. the

parcel model results for conditions of pure heterogeneous
The parameterization was compared against the numericdteezing. The statistical analysis of the comparison is shown
solution of Egs. (7) to (9) using the model of Barahona andin Table 3 for all nucleation spectra of Table 1 and condi-
Nenes (2008, 2009), for all nucleation spectra of Table 1, andions of Table 2. The overall error with respect to parcel
conditions of Table 2 (about 1200 simulations overall). To in- model results is—1.68+3.42%, which is remarkably low,
dependently test the accuracy of Eqgs. (26) and (30), simulagiven the complexity of Egs. (7) to (9), and the diversity
tions were made under conditions of pure heterogeneous anaf Nnei(s;) expressions used. Among the nucleation spec-
combined homogeneous-heterogeneous freezing. Calculatdch tested, the largest variability was obtained when using
N, ranged from 10% to 10 cm~3; smax ranged (in absolute PDA08 (—2.69+2.81%) and CNT {1.56+4.14%). This
units) from 0.05 to 1 for pure heterogeneous freezing (i.e.results from variations in the form of thEnhe(s;) function;
homogeneous freezing deactivated) and from 0.05 to 0.6 fothe distribution functionsy(s;), for MY92 and PDGO7 are
combined homogeneous-heterogeneous freezing, which covmonotonically increasing and smooth (e.g., Fig. 5) over the
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Table 3. Average % relative error (standard deviation) of parameteriedndsmax against parcel model simulations. Results are shown
for when a) heterogeneous freezing is only active, and, b) homogeneous and heterogeneous nucleation A¢e,ad{g, are ice crystal
concentrations from parcel model and parameterization, respectively; similarly for maximum supersaiaginsmax p-

Ice formation mechanism Pure heterogeneous Homogeneous and heterogeneous
N — n NL‘, _Nc,n Nc, —Neon

Spectrum may}fnaxT = 7vc,n /pvc‘,l
MY92 0.43(2.29) 1.14(13.3) 2.95(21.2)
PDGO7 0.63(1.56) 3.39(7.60) —3.78(20.7)
PDAOS —2.69(2.81) —3.26(8.32) 9.64(21.1)
CNT —0.44(5.56) —1.56(4.14) 3.26(22.6)
All combined —1.68(3.42) —2.08(8.58) 4.72(21.8)

entires; range considered. PDA08 and CNT are character- 10'

ized by abrupt changes iNhet(s;) which produces discon-
tinuities inng(s;). This is evident for the CNT spectrum as
the error in the calculation of,ax lowers (-0.44+5.6 %) if
only data withsmax<sn,sootiS considered. CNT also shows a
slight overestimation ofnax at high values caused by the as-
sumption ofs, cha=0 whenn, (s;)=0, EQq. (24); this however
is not a source of uncertainty fove; calculation (Fig. 3) as
crystal concentration is constant f@fax> s soot (Table 1).
Another source of discrepancy (which is however never out- <
side of thed+5% range) is the small change # (~4K), z 10
from s5;=0 to s; =smax Which is larger at highV and causes

an slight underestimation ef,ax at high values{smax>0.7)

for the PDG07 and MY92 spectra. LTS —

3 -
m ") Parameterization
ool ol

Figure 3 shows that the error iNhet calculation is also 10° 102 10" 1° 10’
quite low, —2.04:8.5%, which indicates no biases in the pa- N () Parcel Model

rameterization. The slightly larger error M. compared to

the error insmax originates from the sensitivity d¥het(smax) Fig. 3. Comparison betweeN,¢from pure heterogeneous freezing

to small variations inmax. Figure 3 shows that the larger dis- predicted by the parameterization and the parcel model for simula-

crepancy insmax (Fig. 2) when using the CNT and PDAO8 tion conditions of Table 2 and freezing spectra of Table 1. Dashed

spectra does not translate into a large errotVifa; which lines represent th&:30% difference.

remains low for these cases%%). The largest variability

(£13.5%) was found using MY92 and is related to the slight

underestimation 0fmax at high V (smax>0.7). Aschar for homogeneous (i.e.],,\,'l—'_‘et—>0) freezing limit. The largest dis-

MY92 is around 0.07 (whereas for the other spectra of Ta-crepancy (—9.6:|:21%r3 occurs when the PDAO8 spectrum is

ble 1itis generally above 0.2) which indicates that most crys-used, and is related to the complexity of tNgei(s;) func-

tals in the MY92 spectrum freeze qtclose tosmax (EQ. 24);  tion. Larger variations (mostly within a factor of 2) also oc-

MY92 is therefore most sensitive to the small underestima-cur whenNpei(smax)— Niim and are caused by the high sen-

tion in smax at highVv. sitivity of N, t0 Nnet(smax) for 11:’%1%1 (cf., Barahona and
When competition between homogeneous and heterogeNenes, 2009, Fig. 3).

neous nucleation is considered (Fig. £ax~shom and no

explicit dependency oW, onsmaxis considered; this approx- 4.2 Comparison against existing schemes

imation however does not introduce substantial error in the

calculation of N, (Barahona and Nenes, 2008). The over- The new parameterization was compared against the schemes

all error in N, calculation for this case is.4-21%. Com-  of Liu and Penner (2005, LP05) andakcher et al. (2006,

parison of Figs. 3 and 4 suggests that most of the error reK06), for all spectra of Table 1 and, fof'=206K,

sults from the inherent error of the homogeneous nucleatiorp=22 000 Pa, andy;=0.5. Consistent with K06, the max-

scheme (%28%, Barahona and Nenes, 2008). Figure 4imum number concentration of IN was set to 0.005¢m

shows that the parameterization reproduces the parcel modethich for e f,500=0.05 implies Ngoo=0.1 cni 3. Cases with

results from the pure heterogeneous (i%%%bl) tothe pure  no dust present (i.e.Ngus=0 and no deposition freezing
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When similar concentrations of dust and soot are consid-
ered (Fig. 5 right), Eq. (30) with PDA08 come much closer
to simulations using CNT and PDGO07. K06 (maintaining
Nin=0.005 cnv3) still lies within a factor of two from the
results obtained with Eq. (30) and the CNT, PDAO0S8, and
PDGO7 spectra. By including dust, the onset of homoge-
neous nucleation is triggered at slightly high&rcompared
to the case with no dust (CNT). For PDAO8, the change is
more pronounced, indicating that the maximumyyst im-
plied by PDAO8 is substantially larger tham; soot for the
same spectrum, i.e., most of the crystals in this case come
from freezing of dust. At the pure homogeneous freezing
s limit (V~1ms1), IN effects onN, are unimportant, and,
T N, for all spectra agree well with KO6 (Barahona and Nenes,
10 2008). At this limit, LPO5 predicts a twofold highey,
due to the different set of parameters used in its develop-
ment (Liu and Penner, 2005). The discrepancy between LP05

Fig. 4. Comparison betweeN, from combined homogeneous and and the CNT profile can be reconciled by settifjgoor=1,

heterogeneous freezing predicted by the parameterization and thth.sooe=0.1, "’_‘ndad =0.1. )
parcel model for simulation conditions of Table 2 and freezing spec- A comparison of predicteshax b_etWeen the new parame-
tra of Table 1. Dashed lines represent #@0% difference. Colors  terization and LP0O5 was also carried out. The curves of Fig. 6

indicate the rati%. can be used to explain the profiles of Fig. 5, as homogeneous
fm freezing is prevented ifnax<shom (Gierens, 2003; Barahona
and Nenes, 2009). When dust is not includgghx calcu-
in LPO5) and withNguse=Nsoot Were considered. For the |ated using PDAO8 approachesm at very lowV, therefore
“no-dust” case (Fig. 5, left) KO6 and the new parameteri- gllowing homogeneous nucleation to take place in almost
zation (Eq. 30), using the CNT, MY92, and PDGO7 spectra,the entire range of’ considered (not shown). When dust
agree within a factor of two at the pure heterogeneous limitis jncluded,smax calculated using Eq. (30) and the PDGO07,
(~V<0.01ms1). Homogenous freezing in these cases is PDAO08 and CNT spectra approachegm for V between
triggered (i.e.Nim > Nhep between 0.03 and 0.07 msex- 0.02 and 0.06 mst. When using MY92smax is belowshom
cept when using MY92, wher& >0.7ms " is needed to  for aimost the entire range df considered, and, explains
allow homogeneous freezing. When using Eq. (30) andyhy homogeneous freezing is prevented for most values of
PDAO08, a much lowetVhet is predicted over the entir€ v | po5 predicts a very differestax profile , being constant
range considered, and homogeneous freezing is triggered ?stmaXVO.Z) at low V, then a steep increase ifax around
very low V~0.002ms! (i.e., heterogeneous freezing has a V~0.1ms! which reachespom at V~0.3ms. In this
negligible effect onv). case, setting £ sooe=1, 51.s00=0.1, anday=0.1 reduces the
LPO5 predictsVhet about two orders of magnitude higher discrepancy between LP05 and CNT (curve CNT (b)) for
than the application of Eq. (30) to the PDG07 and CNT Spec-smax~shom and V~0.2-0.3ms!. The two schemes how-
tra. This discrepancy may result from the highsoor~1 im- ever still diverge a¥/ <0.1ms 1.
plied in this parameterization compared to the other freezing
spectra considered (which is evident f6-0.04ms? as
Nhet=Nsoop. LPO5 also predicts complete inhibition of ho- 5 Summary and conclusions
mogeneous freezing up 16~0.3ms™ ! (Fig. 5, right) which
is much larger than the range between 0.03 and 0.072ms We present an ice cloud formation parameterization that cal-
found by application of Eq. (30). The discrepancy betweenculatesN,. and smax explicitly considering the competition
LPO5 and the other schemes in Fig. 5 is due to differencedetween homogeneous and heterogeneous freezing from a
in the values of, soot anda; used in generating LP05. In  polydisperse (in size and composition) aerosol population.
fact, the results of LPO5 can be approximately reproducedHeterogeneous freezing is accounted for by using a nucle-
by settinge s s00=1.0 ands;, soo=0.1 in the CNT profile and  ation spectrum that could have any functional form. Ana-
by changing the value af; to 0.1, as shown in the CNT(b) lytical solution of the parcel model equations was accom-
curves of Figs. 5 and 6. The lower value gfsoo=0.1 re- plished by reformulating the supersaturation balance and by
quired to reproduce LP05, compared to the one used by Liuntroducing the concepts of characteristic freezing thresh-
and Penner (2005}, s00=0.2, results from the smoother old and characteristic size of a polydisperse ice crystal pop-
freezing pulse in the CNT model as opposed to the step funculation. The approach presented here successfully decou-
tion implied by the model of Liu and Penner (2005). ples the nucleation and growth factors in the solution of the

-3 . .
N, (cm™) Parameterization

3 2 1 0

10 10 10 10

N, (cm’3) Parcel Model
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Fig. 5. N. vs. V calculated using the new parameterization for all freezing spectra of Table 1. Also shown are results takegrétoen K

et al. (2006, K06) forN;y=5x10"3cm~3 and, the parameterization of Liu and Penner (2005). Conditions considered/y¢e?d0 K

(T=206 K), p=22 000 Pag;=0.5. Left panel:Nsoo=0.1 cn3, Nguse=0 cm 3 and no deposition freezing considered in LPO5. Right panel:
Nsoo=0.1cnt3, Nguse=0.1 cnm3 and deposition freezing considered in LPO5. For CNT(a) runs were made as presented in Tables 1 and 2
while for CNT(b) conditions were changedsp sqoe=0.1, € £, s00=1.0, andor;=0.1.

o
o
|

supersaturation balance, and together with the work of Bara-
hona and Nenes (2008, 2009), provides a comprehensive pa- Shom
rameterization for ice cloud formation. The parameterization
was tested with a diverse set of published IN spectra (Ta-
ble 1), which includes a formulation introduced here derived
from classical nucleation theory.

When evaluated over a wide set of conditions and IN 3
nucleation spectra, the parameterization reproduced de® 0.3
tailed numerical parcel model results t6l1.6+3.4% and
—2.0+8.5%, for the calculation 0fmax and Npet from pure 02
heterogeneous freezing, respectively, antd=21% for the

0.5

/ ~@- LPO5

" This work:
— MY92

. : — PDGO7
calculation of N, from combined homogeneous and hetero- o1 — CNT (a)
geneous freezing. Comparison against other formulations —-cnr b

over a limited set of conditions showed that changes in the

freezing efficiency of each IN population (i.e., dust and soot)

is the main factor determining the effect of heterogeneous V(ms)

freezing on the total ice crystal concentratidf, The vari-

ability of N. shown in Fig. 6 is however much lower than Fig. 6. smax vs. V calculated using the parameterization of Liu

reported by Phillips et al. (2008), who compared several nu-and Penner (2005) and the new parameterization for all freezing

cleation spectra at fixeq; this emphasizes the importance of spectra of Table 1. Conditions considered are similar to Fig. 5 and
; ; ; ; i Nsooe=Nguse=0.1cnm3.  For CNT(0) 55 s00=0.1, ¢ 1.0

using a proper dynamic framework in comparing nucleation/Ysoo=/dust= h,s00f=Y: s € f,s00E=--Y)

spectra. ande;=0.1.

During the development of the parameterization (Sect. 3)

it was implicitly assumed that the cloudy parcel is initially from the nucleation zone befosgax is reached, the effect of
devoid of ice crystals. If cirrus persist beyond the time step|N on homogeneous nucleation may be reduced. Theoreti-
of the host model, then the effect of preexisting ice crystalscy| studies (Kay et al., 2006; Spichtinger and Gierens, 2009)
should be accounted for in the parameterization by includingsuggest that deposition effects may be significant at tow
an additional water vapor depletion term at the left hand side(<0_05 ms?) and low Nhet (<0.01cnt3). Deposition ef-

of Eq. (14). This effect however may be small as crystalsfects can be included in Eq. (14) by adding a “fallout” term

with large sizes tend to fall out of the nucleation zone (i.e., (Kay et al., 2006) to the supersaturation balance, Eq. (7), and
the zone with highest supersaturation in the cloud) during thgs the subject of a companion study.

evolution of the cirrus cloud (Spichtinger and Gierens, 2009).
If the heterogeneously nucleated ice crystals fall out however
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The parameterization presented in this work is suitable forwhere  As=smax—s, and it was assumed that
large-scale atmoiphericI mc;dells (tjh?t cannot resolve ice Suxs_|n vTafl ~1As2 D, depends ony as onci.
persaturation at the scale ot clou ormgtmrﬁom.(F.’rup- Equation (B1) provides a lower limit foD,. and can be
pacher and Klett, 1997)). It is computationally efficient and

used to develop a conservative (i.e., where mass transfer
analytically unravels the dependency of ice crystal concen;

limitations to crystal growth are most significant) correction
tration on cloud formation condition'(p,V), deposition

.. . . for non-continuum m ransfer eff . E ion (B1) can
coefficient, the size and composition of the droplet popula- or non-continuu ass transfer effects. Equation (B1) ca

. . : . be rewritten as
tion, and insoluble aerosol (i.e., IN) concentrations. It pro-
vides a framework in which new ice nucleation data can eas-

ily be incorporated in aerosol-cloud interaction studies.
De(As, aq) =y [\/1+ (AAs)? — 1} (B2)
Appendix A
F _— ———
The convolution product wherey = 2 A= /avr . After substituting Eq. (B2) into

Eqg. (9) and rearrangmg the volumetric rate of change of an

Let f1 and f> be two locally integrable functions over the . crystal atma, i.€., 5 Dczdgr z Fslngxffz can be written

real axis, then the function in the form
oo

(fi* f2) (x) = / Si(v) fa(x — v)dv (A1) 2
0 2dD. 7 smax? (1 —vi+ OLAS)Z)

is called the convolution product ot and f> (Kecs, 1982).  2°¢ 4r — 2 Ty T+ (AAs)2 (B3)

The half-convolution product (or convolution of the half-

axis) is defined fox>0 as o o ) )
Multiplying an dividing the right hand side of Eq. (B3) by

(A® f)x) = /x f1(v) f(x — v)dv (A2) AAs and rearranging gives,
0

and related to the convolution product by

2
(f1® f2) (x) = [H(f1) * H(f2)] (x) (A3) p2dDe _ [n Smax)/)»ASi| (1 —V1+ (ms)z)

— B4
where H is the Heaviside function, 2°° dt 2 It AAsy/1+ (AAs)? (B4)
0, v<O
) , ) .. ltcanbe recognized that the first term in brackets in Eq. (B4)

The convolution product is commutative and distributive; its .
, - btained from% p242:—z Small_ taiing int t
integral is given by is obtained from? DZ <=7 57+, taking into accoun

Eq. (B1), whenl'1>>T,, i.e., when ‘non-continuum effects
f (f1* f2)dx = /fl(u)du / fo(v)dv (A5)  on mass transfer can be neglected (cf. Barahona and Nenes,

2008, Sect. 3.3). Thus, the second term in brackets in
its derivative is expressed as Eqg. (B4) corresponds to a correction factor%o))f dﬁ‘ for

non-continuum mass transfer effects, which only depends on

— (f1 x f2) (x)= (i * f2> x)= (fl * ﬁ) (x) (A6) the produck As. Equation (11) suggests thaimaxis a char-
acteristic value foh As, therefore Eq. (B4) can be rewritten
as

Appendix B

. . . 2

Analytical correction for non-continuum effects T 2dDe 7 smaDe(As) (1 -1+ Azs%ax) =5)

The lower limit for the size of an ice crystal ice crystal that 2 °° dr 2 Iy Asmaxy/ 1 + 2252

freezes at supersaturatigp=0 during the parcel ascent (Ren

and Mack5n2|e, 2005; Barahong arl1d Nenes, 2008), Obtamelgorsmax>0.05, Eq. (B5) can be approximated by

assuming: ~aV (smaxt1), is given by

Smax
2 2 T _>dD 7T SmaxDc(As) _
I'2 I'2 As L p28fc L imaxtl Ry -5 B6

D (As, ag) = ——= = B1 c ~ ¢ e (B6)

(A5, aq) =~ + (n) + VT, (BL) 2% T2 Iy
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Appendix C

List of symbols and abbreviations

og

Din
As

Aschar
As

%
char
D,

€f.j

fc,hom, fc

fnj

Iy

I

H

J(S[), J
Jhom(Shom)

In,j(sn,j)

k(T)

khom

mai..nx

gAHer _ agMa

cpRT? RT
Deposition coefficient of water
vapor to ice

Acceleration of gravity
M,p AH?M,,

Muwp]  c,RT?
T2

T
Slpecific heat capacity of air
Volume sphere-equivalent di-
ameter of an ice particle
Enthalpy of sublimation of wa-
ter

Volume sphere-equivalent di-
ameter of an IN

Smax—Sé

Smax—Schar

Growth integral, defined by
Eq. (25)

Water vapor mass transfer coef-
ficient

Maximum freezing efficiency of
the j-th IN species

Fraction of frozen particles
at spom With and without IN
present, respectively.

Shape factor of thej-th IN
species

pi RT AHpi ( AH;My -1
4p? Dy My, 4k, T RT

piRT 2n My, i
2p? My, RT a4

Heaviside function

Nucleation rate coefficient at
Homogenous nucleation rate
coefficient atshom
Heterogeneous nucleation
rate coefficient at the freez-
ing threshold of thej-th IN
population

Freezing parameter defined by
Eq. (2)

Thermal conductivity of air
Homogeneous freezing parame-

Jhom(Shom) _ o1
ter, In RO (shom—s; )
1

avliy?
Multidimensional variable that
symbolizes the mass fraction of
the nx chemical species present
in an aerosol population
Wettability parameter of thg-
th IN species, ca®,)
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va Ma

N*
Ng,j

N,

Molar masses of water and air,
respectively

V2 (aV )32 <l3%%) '
Number concentration of thg
th insoluble aerosol species
Total ice crystal number con-
centration

ne(D., Din, m, r)Number distribution of the ice

Ngust

Nsoot
Nhet

Nhet(si)
Nhom(si)
NiN

Niim

NO

ns(si)
nsp

nx

sh,j

Schar

Shom
Si

Smax

12}
S~

crystals

Dust number concentration
Soot number concentration

Ice crystals number concentra-
tion from heterogeneous freez-
ing

Cumulative heterogeneous nu-
cleation spectrum

Cumulative homogeneous nu-
cleation spectrum

Maximum IN number concen-
tration

Limiting Ny that would pre-
vent homogeneous nucleation
Number concentration of the su-
percooled liquid droplet popula-
tion

Heterogeneous nucleation spec-
trum

Number of externally mixed IN
populations

Number of chemical species
present in the aerosol popula-
tion

Ambient pressure

Freezing probability

Ice saturation vapor pressure
Universal gas constant

Ice and air densities, respec-
tively

Freezing threshold of theth IN
species

Characteristic freezing thresh-
old of the heterogeneous IN
population

Homogeneous freezing thresh-
old

Water vapor supersaturation ra-
tio with respect to ice

Maximum ice supersaturation
ratio

Freezing threshold of an IN
Temperature

Initial temperature of the cloudy
parcel

Time
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9/‘ Contact. angle between theth DeMott, P. J., Cziczo, D. J., Prenni, A. J., Murphy, D. M., Krei-
IN species surface and water denweis, S. M., Thompson, D. S., Borys, R., and Rogers, D. C.:
Updraft velocity Measurements of the concentration and composition of nuclei for

Vo Mean volume of the droplet cirrus formation, Proc. Natl. Acad. Sci. USA, 100, 14655-14660,
population 2003a.

w; Ice mass mixing ratio DeMott, P. J., Sassen, K., Poellot, M. R., Baumgardner, D. G.,

X Domain of integration in Eq. (6) Rogers, D C., Brooks, S. D., Prenni, A..J.., and Krgidenweis,

Q; Mean surface area of thieth in- S. M.: African dust aerosols as atmospheric ice nuclei, Geophys.

Res. Lett., 30, 1732, doi:1710.1029/2003GL017410, 2003b.

Eastwood, M. L., Cremel, S., Gehrke, C., Girard, E., and Bertram,
A. K.: Ice nucleation on mineral dust particles: Onset condi-
tions, nucleation rates and contact angles, J. Geophys. Res., 113,
D22203, doi:22210.21029/22008JD10639, 2008.

Eidhammer, T., DeMott, P. J., and Kreidenweis, S. M.: A
comparison of heterogeneous ice nucleation parameterizations
using a parcel model framework, J. Geophys. Res., 114,
d0i:10.1029/2008JD011095, 2009.

soluble aerosol population
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